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Abstract
In the present paper we investigate how the phantom class of dark energy, presumably responsible
for a super-accelerated cosmic expansion and here described by the state parameter ω = −5/3,
influences the wave function of the Universe. This is done by analytically solving the Wheeler-
DeWitt (WdW) equation in the cosmology of Friedmann-Robertson-Walker with an ambiguity term
arising from the ordering of the conjugate operators associated with the scale factor a. Its solutions
depend on an additional parameter q related to that ordering and show that the Universe presents
maximal probability to come into existence with a well-defined size for q = 0. The amplitude of
the wavefunction is higher the higher is the phantom energy content so an initial singularity of
the type a = 0 is very unlikely. In this semi-classical approach we also study how the scale factor
evolves with time via the Hamilton-Jacobi equation assuming a flat Universe. We show that the
ultimate big rip singularity emerges explicitly from our solutions predicting a dramatic end where
the Universe reaches an infinite scale factor in a finite cosmological time. Next, we solve the WdW
equation with ordinary dark energy related to a positive cosmological constant. In this case, we
show that the Universe does not rip apart in a finite era.
Keywords: Dark energy, Wheeler-DeWitt equation, Phantom energy, big rip, Hamilton-Jacobi
equation.
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I. INTRODUCTION
When Albert Einstein extended the field equations of General Relativity (GR) to include
the term involving the cosmological constant (1917), he was seeking to avoid the collapse
under the unavoidable attraction of gravity in what he believed to be a static Universe. He
could not foresee that this idea, considered by him the biggest blunder of his academic life
[1], would lead to a scenario of cosmic instability much more dramatic than the one he feared
most. Although that decision made possible a time-independent solution as he wanted, it
described a state of unstable equilibrium. The cosmological constant acts like a repulsive
force that increases with distance. It is true that there is a critical mass density at which
this repulsive force just balances the attractive force of gravitation but a slight expansion
will increase the repulsive force and decrease the attractive force so that the expansion
accelerates.
Some years ahead, after the observation of the red-shift of the spectrum of galaxies located
far outside our local group, Edwin Hubble announced (1929-1931) [2] that the Universe was
not shrinking but indeed uniformly expanding. But as above mentioned, the cosmological
constant says more than this since it is responsible for an accelerated expansion. The
confirmation of this phenomenon (1998) was at last determined from the Hubble diagrams
of Type Ia supernovae [3, 4] and is one of the landmarks of astrophysics and cosmology
considering the very proof of GR occurred 100 years ago in the luminous sky of Sobral
(Ceara´, Brazil).
The cosmological constant, Λ > 0 [7], is associated with a type of energy that acts
repulsively on a cosmic scale and for it is of a completely unknown nature it is called dark
energy. Actually, there is a debate about the possibility that dark energy could be derived
from the quantum fluctuations of the vacuum associated with the various fields existing in
nature. This is the so-called cosmological constant problem or vacuum catastrophe. The
name comes from the disagreement between the observed values of vacuum energy density
(the small value of the cosmological constant) and the theoretical large value of zero-point
energy suggested by quantum field theory [5, 6]. Depending on the Planck energy cutoff
and other factors, the discrepancy is as high as 120 orders of magnitude, a state of affairs
described by physicists as the largest discrepancy between theory and experiment in all of
science and ”the worst theoretical prediction in the history of physics” [8].
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Nevertheless, dark energy is the form of energy that largely predominates (68%) over the
other types of energies in the present day observable Universe (dark matter stays with 27%
and the rest is hadronic matter, with just a bit of leptonic matter and electromagnetic radi-
ation). The density of dark energy is very low (7× 10−30g/cm3) much less than the density
of ordinary matter or dark matter within galaxies. However, it dominates the mass–energy
of the Universe because it is uniform across space.
In any case, Λ defines a conceptual frontier with other possible types of dark energy.
There is a cosmological parameter that characterizes the types of energies that (may) exist
in the Universe in the simple form of a perfect fluid. This parameter appears in the state
equation that relates the pressure of the fluid, p, and its density, ρ, in a relation of direct
proportionality: p = ωρ. In most of the cosmological models the state parameter ω is a
constant which, if negative, implies a negative pressure (for the energy density is supposed
to be positive). This would then explain the type of accelerated expansion of the Universe
when such form of energy is predominant. Actually, the standard accelerated expansion [3] is
compatible with −1 < ω < −1/3. This range characterizes the so-called quintessence which,
unlike the Λ type dark energy would have variable energy density in time and space and
therefore could exert local effects on astronomical scales [9]. It would however become less
rarefied with the expansion of the cosmos as compared with ordinary matter and radiation.
At the limit of ω = −1, density does not vary with expansion thus denoting the ordinary
dark energy associated with Λ.
The cosmic drama starts with the possibility of a dark energy with ω below −1. In this
case, the energy density increases with expansion then causing more and more acceleration
until the Universe virtually reaches an infinite size in a finite cosmological time. This
would have tragic implications since the cosmological horizon would gradually decrease until
collapsing to one point. In this process, not only would all galaxies, and even the stars of
our Milky Way, progressively leave our field of observation (or any form of access), but they
would also be shattered due to the extraordinarily repulsive character of this form of energy
sinisterly called phantom [10] with the terrible final scenario outlined here suggestively called
big rip [11].
Although the last Planck satellite data from the mission released in 2018 are consistent
with a Λ type dark energy (ω = −1.03 ± 0.03 [12]), more recent observations of quasars
at high redshifts, combined with those from the Cosmic Microwave Background and weak
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lensing, result in values that match with an upper limit of −1.3 i.e. ω < −1.3 [13]. This
indicates that the acceleration of cosmic expansion could be about 10% higher than the
established one.
In this paper, we will work with the dark energy associated with a cosmological parameter
ω = −5/3 which is compatible with Risaliti and Lusso’s findings. Using ω = −5/3 has an
additional advantage: its value leads to analytical solutions to the Wheeler-DeWitt (WdW)
equation that describes the wave-function of the Universe. This equation would be quantum-
mechanical even on a large scale [14] as there is no external environment through which its
quantum state could suffer decoherence to become a classic system like the macro-objects
that make up our world [15]. In the semi-classical approach here adopted, we will combine
the study of the WdW equation with Hamilton-Jacobi’s to find how the scale factor of
the Universe evolves with time since the first of these equations does not presuppose any
time evolution. We emphasize that we will also consider an additional term coming from
ambiguity in the ordering of the conjugated operators related to the scale factor. We will
show that in fact the big rip scenario emerges out analytically from our solutions. Next, we
will evaluate what happens when, instead of phantom energy we consider dark energy from
the cosmological constant. In this case, we will show that the Universe does not reach the
big rip singularity.
The article is organized as follows. In section II, the WdW and Hamilton-Jacobi equations
are studied in order to find the dynamics of the Universe for dark energies associated with
phantom and the cosmological constant respectively. In section III, we present the results
and make the pertinent discussions. And finally, in section IV, we present our conclusions.
II. A QUANTIZED UNIVERSE: THE WHEELER-DEWITT EQUATION
The equation of Wheeler and DeWitt (WdW) is about the wave function of the Uni-
verse [16–18]. It looks similar to the Schro¨dinger’s equation in one dimension with the
important difference that, although describing dynamics, it does not take into account the
time evolution. Considering the cosmology of Friedmann-Robertson-Walker (FRW), in the
minisuperspace approximation the WdW equation can be written as{
d2
da2
+
q
a
d
da
− 9pic
4a2
4~2G2
[
kc2 − 8piGa
2
3c2
(
∑
i
ρωi + ρv)
]}
Ψ(a) = 0 , (1)
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where the wavefunction of the Universe, Ψ(a), depends (only) on the scale factor a which
plays the role of a generalized coordinate. The parameter k determines the curvature of
the Universe: k = 0 corresponds to a flat Universe; k = 1, is a Universe closed on itself
(Einstein’s Universe) and k = −1, is for an open Universe with negative curvature. The
second term, involving the (dimensionless) parameter q, comes from the ordering of the
conjugated operators aˆ and pˆa = −i~∂/∂a. It takes into account the ambiguity in the
construction of the hamiltonian. The operator ordering problem has been addressed in the
literature [19–21]. Halliwell and Misner have demonstrated that the ordering ambiguity in
the Wheeler-DeWitt equation can be completely fixed by demanding invariance under field
redefinition of both the three-metric and the lapse function for D > 1, where D is the
number of gravitational coordinates in a mini-superspace model.
In this section, we will not take into account the energy density of the vacuum, char-
acterized by the cosmological constant, so that ρv = 0. The other forms of energy can be
expressed as
ρωi =
Aωi
a3(ωi+1)
, (2)
where ωi are the state parameters which guarantee the proportionality between pressure and
energy density for each form of energy taken as perfect fluids. We will consider a flat k = 0
space as comes from to the last year’s observations of the Planck collaboration [12].
Initially, we will consider a dark energy of the phantom class with ω = −5/3, compatible
with current (2019) expectations, as explained by Risaliti and Lusso [13]. Now, the WdW
equation reads
− ∂
2Ψ(a)
∂a2
− q
a
∂Ψ(a)
∂a
+ Veff(a)Ψ(a) = 0. (3)
The effective potential Veff(a) is initially given by
Veff(a) = Aa
2 −Ba6, (4)
in which the coefficients A and B are written as
A =
9pic6k
4~2G2
, (5)
and
B =
6pi2c2
~2G
Ap, (6)
6
with Ap being a constant proportional to the phantom energy density at a given time in
the history of the Universe. According to our model, this form of energy will be definitely
predominant in a future cosmological time.
To find the solution of Eq. (3), we first proceed to the transformation Ψ(a) = a(1−q)/2φ(a),
so that we get
a2φ′′(a) + aφ′(a) +
[
Ba8 −
(
q − 1
2
)2]
φ(a) = 0. (7)
Now, by further defining z =
√
Ba4/4 we obtain the following differential equation
z2φ′′(z) + zφ′(z) +
[
z2 −
(
q − 1
8
)2]
φ(z) = 0. (8)
This expression is precisely a Bessel equation whose general solution is given in terms of the
Bessel functions of first and second kind, Jν(z) and Yν(z), respectively. Note that we can
transform the second solution in terms of J−ν(z) which will be useful as we shall see next.
After returning to the original variables the solution to (7) is
Ψ(a) = C1B
1
2(
q
8
− 1
8
)+ 1−q
8 Γ
(
9
8
− q
8
)
a4(
q
8
− 1
8
)−q+1J 1−q
8
(√
Ba4
4
)
+ C2B
1
2
(− q
8
+ 1
8
)Γ
(
7
8
+
q
8
)
a4(−
q
8
+ 1
8
)J q−1
8
(√
Ba4
4
)
, (9)
where C1 and C2 are normalization constants.
In the following sections, when analyzing the dynamics of the Universe and the big rip
scenario, we will work with two different values of the parameter q in order to select properly
the L.I. solutions of Eq. (3). The first one is q = 0, which picks the first solution since the
second one is multivalued at the origin for the index of Jν(z) becomes a negative non-integer
number. This value of q is free from divergences at infinity. The other choice is q = 1, which
admits both solutions with no divergences at the origin or infinity. Note that there is no
value for q that selects only the second solution deprived of complications with divergences.
We also note that q = 0 admits the Hartle-Hawking contour condition, according to which
the Universe’s wavefunction vanishes at the origin. Linde’s boundary condition, for which
the wave function is finite at the origin [23], takes place only for q = 1.
Thus, for q = 0, after integrating (from a = 0 to a =∞) the square of the L.I. solutions,
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we conclude that C2 = 0, and C1 is given by
C1 =
4
√
2 16
√
BΓ
(
7
8
)
Γ
(
9
8
)√
Γ
(
5
4
) , (10)
and the wave function of the Universe is exactly
Ψ(a) =
√
a 8
√
BΓ
(
7
8
)
J 1
8
(√
Ba4
4
)
8
√
2
√
Γ
(
5
4
) . (11)
In Fig. (1), we plot the square modulus of Ψ as a function of a and B. It is interesting
FIG. 1. Square modulus, Ψ2, as a function of B (on x) and a (on y), for q = 0.
.
to observe that the Universe presents a very high probability of starting its existence with
a well defined size (scale factor) whose probability will be higher the higher the phantom
energy content, and so the initial singularity type a = 0 is therefore highly unlikely.
III. THE DYNAMICS OF THE UNIVERSE
We now follow the method described in [24], which resorts to a semiclassical Hamilton-
Jacobi’s equation approach for one cannot describe the dynamics of the Universe by means
of WdW equation which does not consider any time evolution. Since the wavefunction Ψ(a)
depends on just the scale factor of the Universe, it can be rewritten as
Ψ(a) = R(a) eiS(a) , (12)
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where R and S are real functions.
From Quantum Mechanics, the probability current is given by
ja =
i~
2µ
[Ψ∗(∂aΨ)−Ψ(∂aΨ∗)] , (13)
guaranteeing the conservation law
∂aj
a = 0 . (14)
By replacing Eq. (12) in Eq. (13), we obtain
ja = −~R2∂S
∂a
. (15)
Integrating the Eq. (14), we get
ja = C0 , (16)
where C0 is an arbitrary constant. Thus, from Eqs. (15) and (16), we have
− ~R2∂S
∂a
= C0 . (17)
Now, we can use the Hamilton-Jacobi formalism of Quantum Mechanics to write the
following relation between action and canonical moment
pa =
∂S
∂a
=
∂L
∂a˙
= −3pic
2
2G
a˙a , (18)
where L is the Lagrangian of the Friedmann-Robertson-Walker Universe. Thus, from
Eqs. (17) and (18), we come to
R2 = C0
2G
3~pic2a˙a
. (19)
III.1. The big rip
From the expression (19), we can obtain the evolution of the scale factor of the Universe
over time. Considering first the value q = 0, and integrating from t = t0 to a certain t and
from a = 0 to a =∞ we have
t = t0 + C3
~c2
GB1/4
, (20)
where C3 is a new arbitrary constant. On the other hand, taking the value q = 1, which
selects the general solution (9) for the wave function of the Universe without divergences,
we can replace it in (19) and integrate again from a = 0 to a = ∞. We find once more a
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finite value for (t − t0), with a different C3 from the previous case but the other constants
identical. Notice the quantum nature of the singularity of this big rip, since the time to
reach it depends on the Planck constant, appearing explicitly in Eq. (20) and implicitly
through the parameter B, which reinforces the argument that even on very large scales the
Universe is essentially of a quantum nature.
Both solutions for the cosmological time as a function of the scale factor result therefore
in a Universe expanding infinitely in a finite time of existence. This truly strange and
disturbing scenario predict a spectacular and dramatic fate of the Universe.
III.2. A happier cosmic destiny
We will now analyze the situation in which the energy density of the Universe is exclusively
associated with the vacuum, ρv, in the form of a positive cosmological constant, Λ. In this
case, the energy density remains the same while the Universe expands, and the actual
potential will be Veff(a) = −BΛa4, where BΛ = 3pic64~2G2Λ. The solution of the equation (3)
can be given once again in terms of the Bessel function Jν(z)
Ψ(a) = C1B
1
2
( q
6
− 1
6
)+ 1−q
6
Λ a
3( q
6
− 1
6
)−q+1Γ
(
7
6
− q
6
)
J 1−q
6
(√
BΛa
3
3
)
+ C2B
1
2
( 1
6
− q
6
)
Λ a
3( 1
6
− q
6
)Γ
(
q
6
+
5
6
)
J q−1
6
(√
BΛa
3
3
)
. (21)
Taking the value q = 0 and the first of the L.I. solutions above, for the reasons explained
above, which are valid here as well, we can make the substitution in the equation (19),
integrating once again in the range a ∈ [0,∞), and in time, from t0 to t. We found as
expected that t− t0 diverges, meaning that the Universe can reach an infinite size in an as
well infinite time. We can also show that the result once more diverges for q = 1.
IV. RESULTS AND DISCUSSION
In Figs. 2 and 3 we plot the cosmological time as a function of the scale factor, illustrating
what happens with the expansion of a Universe mastered by phantom energy. The q = 0
solution corresponds to a Universe starting its existence with a very pronounced expansion,
even more than in the case q = 1. The expansion is then attenuated, starting to grow with
relative slowness as compared to the other case.
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The rapid expansion recorded up to the first shoulder of the curve corresponds to the
beginning of times. However, we cannot directly associate it to cosmic inflation because we
did not include any other ingredient such as the inflaton and other forms of energy certainty
present in the primordial Universe. According to Fig. (2), at a certain time of the cosmic
FIG. 2. Cosmological time, t, as a function of the scale factor, a, for q = 0 and q = 1. All the
constants are set to one and t0 = 0.
FIG. 3. Detail of the above plot at primordial times.
history, when the phantom energy content predominates over the others, there is a succession
of accelerations and decelerations in the expansion of the Universe, very visible in the q = 0
case. However, the amplitude of these oscillations decreases as the Universe expands faster
and faster, until it reaches an infinite size in a finite time of existence, see Eq.(20). It is
interesting to compare these scale factor oscillations with those found from supernova type
Ia data [25].
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FIG. 4. Comparison of the cosmological time solutions t(a) between Universes with predominance
of phantom energy (blue) and a vacuum cosmological constant (red). All the constants are set to
one and t0 = 0.
From the expression (20), we can see that the higher the phantom energy content the
shorter the time to reach the big rip since nothing will resist this unbridled expansion, not
even hadrons with the very fabric of space-time tending to break. Furthermore, Fig. (2)
still reveals that the case with q = 1 is even more dramatic, because the state of big rip is
reached even faster for the same value for the initial phantom energy content Ap.
Caldwell shows an interesting possible cosmological-time scenario (see Table in [11]) for
a phantom energy with state parameter ω = −3/2. For the case analyzed in the present
work (ω = −5/3) the events would be a bit faster and still more dramatic forasmuch as the
big rip would come about in just some 16 billion years.
V. CONCLUDING REMARKS
We have analyzed the solutions of the quantum Wheeler-DeWitt equation describing
the wave function of the Universe in a FRW cosmology, with a term characterizing the
ambiguity in the ordering of the conjugate operators associated with the scale factor. Such
term depends on a parameter, q, to which the values q = 0 and q = 1 were assigned to
eliminate divergences appearing in the wave function, both at the origin and infinity. We
assumed the most probable zero curvature scenario (k = 0).
By analyzing the solution of the WdW equation with q = 0 and ω = −5/3 < −1, namely,
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in the presence of the so-called phantom energy, we found that it is very likely that the
Universe has started its existence with a finite nonsingular size. This prospect gets more
probable the higher the phantom energy content is and a cosmological birth with a = 0
becomes remote.
Through the study of the cosmological Hamilton-Jacobi dynamics we have shown that the
scale factor tends to infinity in a finite cosmological time for both values of q. This confirms
what purely classical theories, based on the solutions of Friedmann’s equation, have already
predicted.
We also showed that the limit a→∞ is apparently quantum in character since the time
the Universe takes to reach it directly depends on ~. Such a unique eventual state was
dubbed in recent years as big rip and is generally described as the culmination of the period
of cosmic history in which a particular form of dark energy (the phantom) dominates over
all others. At the end of this cosmological era all the material structures of the Universe,
no matter their degree of cohesion, from clusters of galaxies to subatomic particles, will be
shattered due to the extremely repulsive character that this energy assume (as the Universe
expands the phantom energy becomes more dense and more destructive). As a result of our
calculations this cosmic singularity would occur in just a few gigayears.
We also examined the case where the dark energy is in the form of the Einstein’s cosmo-
logical constant Λ > 0, which corresponds exactly to ω = −1. In this case the big rip scenario
is excluded because the scale factor tends to infinity in an equally infinite cosmological time
(see Figure 3).
It is also noteworthy that we have been able to graphically exhibit the occurrence of
oscillations in the scale factor of the Universe increasing with cosmological time. This
matches the recent findings of Ringermacher and Mead [25].
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